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@nilesjohnson

A long time ago, | posed a problem to @Nicolai _Kraus when he was a
PhD student (not of mine)

Christian Sattler, some
He solved it in the evening, and then he emailed me saying something  TNAREE] later: Assume
A TR ORISR (. 7o) : fix . Then
fixf ~2X(a:A).fa=a,
which is contractible. L]
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Another case that works (Martin, 2012)

Theorem. If B is a set, then the canonical map
(JA] - B) — X (f:A- B).wconsty
IS an equivalence.

This is simple and (now) contained in most/all libraries.
Unnecessarily complicated argument (not the original):

Lemma 1. Assume that B is a set and a: A. Then,
B — Y (f:A- B).wconsts
IS an equivalence. ]

Lemma 2. If X implies that Y 5 Zis an equivalence, then
(X =>Y) SN (X = Z) is an equivalence. O

Proof of the theorem: In Lemma 1, weaken the assumption
to ||A]. Apply Lemma 2 with X := |A| and observe that
(JA| = Z(f : A—> B).wconsty)

~ (X (f:A—> B).wconstr). O]



Generalizations (2014)

Theorem. If B is a set, then the canonical map
(JA| = B) — X (f:A- B).wconstr

IS an equivalence.

Goal: Weaken the assumption on B.

Theorem. If B is a 1-type, then |A|| - B is equivalent to
the following data:

f:A- B
C :wconstf = Hal,ang f(al) = f(a2)

d:cohfc =T, a0 C(a1,a2) - c(an, a3) = c(ay, as).

Proof. Show that a, : A implies that
B—->YX(f:A-> B).¥(c:wconsts).cohs
is an equivalence, then same as above.
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Coherent constancy

A coherently constant function A — B is a map between the
semisimplicial diagrams coskg(const A) and const B.

Z(bl,bg,b3ZB).
Z(0123151: b2)-
AxAxA --------oooo- > X (pa3:by=bs).

Z(Pls iby = b3)-
P12 - P23 = P13
X
A

C : wconsty m
A ----mmee---- 4 Z(bl,bgiB).b1=b2

|

—————————————— > B
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