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Simplicial type theory extends homotopy type theory and equips types with a notion of directed
morphisms. A Segal type is defined to be a type in which these directed morphisms can be
composed. We show that all higher coherences can be derived. In technical terms, this means that
if a type has unique fillers for A?-horns, it has unique fillers for all inner A?-horns (Theorem 8).
This generalizes Riehl and Shulman’s result [5, Proposition 5.21] for the case n = 3, k € {1,2}.

Our main technical tool (Theorem 1) is the Leibniz adjunction: the pushout-product is left
adjoint to the pullback-hom in the wild category of types. While this adjunction is well known
for 1-categories (e.g. [6, Lemma 4.10]), it is more involved for higher categories and we make
profitable use of the fact that the wild category of maps is equivalent to that of families.

We have formalized the results in Cubical Agda; a full paper is available as arXiv:2601.21843.

The Leibniz adjunction for types A naive translation of the definition of a (1-)category
into homotopy type theory results in the notion of a wild category. A wild category consists of
a type of objects and a type family of arrows with identities and an associative composition
operation for which the identities are left and right neutral, as usual.! This notion is given the
adjective “wild” because the types of arrows are not restricted to be sets, nor do we require
higher coherences on the identities and composition [1]. The paradigmatic examples is the wild
category of types which has types in a universe U as objects and functions between such types
as arrows. The required identifications hold definitionally. Similarly, we can naively translate
the notion of a functor to arrive at the definition of a wild functor between two wild categories.?
Another example is the wild category Map of maps. Its objects are maps between types and
an arrow between objects f : A — B and g : X — Y is a commutative square, i.e. two maps
u:A— X and v: B—Y with a witness v that v o f equals g o u. Our first main contribution,
Theorem 1, concerns the interplay of two binary operations on Map: pushout-products and
pullback-homs. Given two maps f : A — B and g: X — Y, their pushout-product f X g and
pullback-hom f rh g are respectively given by the dashed maps in the following diagrams.
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1For the present work, the notion of a wild category is not strictly necessary and simply acts as a bookkeeping
device. The examples that we consider here have much more structure than what the concept of a wild category
prescribes and we do not expect our results to apply to arbitrary wild categories.

2Note that there is a little bit of ambiguity as to what a wild functor should be. If we start from 1-category
theory and ignore conditions on truncation levels, we arrive at the definition of a wild functor that preserves
identities and compositions. However, if we start from (oo, 1)-category theory and forget all coherence conditions
above a certain level, then a wild functor also preserves the identifications witnessing associativity and identity
equations. While the latter is arguably the conceptually more convincing approach, we adopt the former one.
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Theorem 1 (Leibniz adjunction). The pushout-product and pullback-hom extend to wild func-
tors on Map that are adjoints, i.e. we have natural equivalences Map(f X g, h) =~ Map(f, g hh).
In particular, given objects 7, j, and f in Map, the objects (i X j) th f and i th (j i f) are equal.

A naive approach to proving Theorem 1 quickly becomes intractable due to the involved book-
keeping of coherences. To get around this, we turn to the wild category Fam. Its objects are pairs
(A:U,B:A—U) of an index type and a type family over it. An arrow in Fam((4, B); (X,Y))
is given by a map m : A — X and a dependent map p: [[(a: A) (B(a) = Y (ma)). Identities
and composition are as expected, and we note that, unlike for Map, the identifications for a wild
category hold definitionally for Fam.

It is a well known consequence of the univalence axiom (see e.g. [9, Theorem 4.8.3]) that the
objects of Map and Fam are equivalent. Specifically, a map corresponds to the type family of its
fibers, and a type family corresponds to the projection map from its total space.

Proposition 2. The wild categories Map and Fam are equivalent in the sense that we have a
wild functor y between them that is an equivalence on objects and on arrows.

Tracing the equivalence of wild categories we consider the following constructions on Fam.

Definition 3. Given two types families B: A — U and Y : X — U, their pushout-product and
pullback-hom are respectively defined to be

(A, B) X (X,Y)=(Ax X, (a,z) = Bla) *Y(x)),
(A, B)h (X,Y) = (Fam((A, B); (X,Y)), (m, ) — [ (a: A) const(u a)).

Here, * denotes the join [9, p. 198] of two types (i.e. the pushout of the product projections)
and for a map g : C — D, we put const g :=> (d: D)[[(c: C)gc=d.

By construction, the wild functor x from Proposition 2 and its inverse preserve pushout-
products and pullback-homs. In fact, for the pushout-product, this follows directly from the
observation that it is the fiberwise join [7, Theorem 2.2]. For Fam is relatively straightforward
to prove that the pushout-product and pullback-hom are adjoints. Appealing to Proposition 2
and the preservation of pushout-products and pullback-homs, we obtain Theorem 1.

Application: orthogonality and simplicial type theory Important concepts in the
classical development of higher category theory, and the study of spaces more generally, are
the concepts of lifting conditions and orthogonality. Given the solid commutative square (1),
we can consider the type of diagonal lifts, i.e. the type of functions

d: B —Y that make the triangles commute. Because we are in the A—-Y
wild categorical setting of untruncated types, we have to take the higher Zl d//j lf (1)
cells into account, i.e. we require witnesses « and § of the commutativity e

of the upper and lower triangles, together with a suitable coherence that

« and B compose to the given witness v of the commutativity of the square.

B—= X

Definition 4 (Diagonal fillers of a square; [8, Def. 1.43]). A commutative square is an arrow in
Map. Given a commutative square I, its type of diagonal fillers consists of a function, proofs of
commutativity of the triangles, and a proof that the triangles compose to the full square.

Definition 5 (Orthogonality, ¢ L f). Let i: A — B and f:Y — X be functions. We say that
i is left orthogonal to f (and f is right orthogonal to i), written ¢ L f, if every commutative
square as in (1) has a contractible type of diagonal fillers.
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Lemma 6.
(i) For all maps ¢ and f, we have ¢ L f if and only if i M f is an equivalence.
(ii) Equivalences are left- and right-orthogonal to any map.
(i) Left orthogonal maps are closed under pushout-products with arbitrary functions.
(iv) Left orthogonal maps are closed under retracts.
We note that the proof of (iii) makes use of Theorem 1.

Simplicial type theory For simplicial type theory in general, see [5]; we follow the
“Internal” approach of Gratzer, Weinberger, and Buchholtz [2, 3]. We assume that we are given
a set I (the “interval”) together with 0,1 : I and binary operations A,V that turn I into a
bounded distributive lattice. As is standard, we write x <y (and y > z) for x Ay = y. This
turns < into a reflexive and transitive binary order on I, with 0 and 1 as minimal and maximal
elements. In contrast to [2, 3], we do not require linearity of the order <.

Using I, one can define the standard simplices A™ and horns A}, together with canonical
horn inclusions A} : A} — A™.

Definition 7 (Following [5]). A type X is a Segal type if the map X — 1 is right orthogonal to
the horn inclusion \?, and i : A — B is inner anodyne if it is left orthogonal to every Segal type.

By a result of Riehl and Shulman [5, Proposition 5.21], the maps A} and A3 are inner anodyne.
In our second main result, we generalize their result to all inner horn inclusions, i.e. all horn
inclusions A} where k is strictly between 0 and n. This is a version of Lurie’s [4, Corollary
2.3.2.2] in simplicial type theory.

Theorem 8. For n : N and k with 0 < k < n, the inner horn inclusion A} is inner anodyne.

The proof of Theorem 8 relies on Lemma 6 and proceeds by showing that A} is a retract of
AR X A2. Tt further relies on a version of Joyal’s lemma [4, Proposition 2.3.2.1]. This lemma
is based on pushouts and retracts in the category of sets, while all our results are about the
corresponding notions in the wild category of types. The canonical inclusion of the univalent
1-category of sets into the wild category of types does not in general preserve pushouts (i.e. not
all set-pushout squares are homotopy pushouts); fortunately, pushouts along embeddings (such
as the horn inclusions) are preserved, which explains why no mismatch between the different
notions of pushout occurs.
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